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Abstract
A numerical study of the role of anomalous diffusion in front propagation in reaction-diffusion
systems is presented. Three models of anomalous diffusion are considered: fractional diffusion,
tempered fractional diffusion, and a model that combines fractional diffusion and regular diffusion.
The reaction kinetics corresponds to a Fisher-Kolmogorov nonlinearity. The numerical method is
based on a finite-difference operator splitting algorithm with an explicit Euler step for the time
advance of the reaction kinetics, and a Crank-Nicholson semi-implicit time step for the transport
operator. The anomalous diffusion operators are discretized using an upwind, flux-conserving,
Grunwald-Letnikov finite-difference scheme applied to the regularized fractional derivatives. With
fractional diffusion of order α, fronts exhibit exponential acceleration, aL(t) ∼ eγt/α, and develop
algebraic decaying tails, φ ∼ 1/xα. In the case of tempered fractional diffusion, this phenomenology
prevails in the intermediate asymptotic regime (χt)1/α  x  1/λ, where 1/λ is the scale of the
tempering. Outside this regime, i.e. for x > 1/λ, the tail exhibits the tempered decay φ ∼
e−λx/xα+1, and the front velocity approaches the terminal speed v∗ = (γ − λαχ) /λ. Of particular
interest is the study of the interplay of regular and fractional diffusion. It is shown that the main
role of regular diffusion is to delay the onset of front acceleration. In particular, the crossover
time, tc, to transition to the accelerated fractional regime exhibits a logarithmic scaling of the
form tc ∼ log (χd/χf ) where χd and χf are the regular and fractional diffusivities.
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I. INTRODUCTION
Front propagation is a problem of interest to many areas including biology, plasma
physics, fluid dynamics, chemistry, materials, and engineering. In the widely studied case of
reaction diffusion systems, front propagation arises from the coupling of transport with the
reaction kinetics. Among the simplest systems of this type is the Fisher-Kolmogorov model
that describes the dynamics of a scalar field, φ, in a one-dimensional domain,
∂tφ = χd∂
2
xφ+ γφ (1− φ) , (1)
where χd denotes the diffusivity, and γ is a constant [1]. In this case, the competition of
diffusion and the nonlinear reaction, leads to the propagation of fronts in which the stable,
φ = 1, state advances through the destabilization of the φ = 0 unstable state.
An implicit assumption in the majority of reaction-diffusion models is that transport
satisfies the Fourier-Fick’s prescription according to which the flux, q, of the transported
field, φ, is proportional to the gradient, i.e.,
q = −χd∂xφ . (2)
Substituting Eq. (2) in the conservation law, ∂tφ = −∂xq, gives the well-known diffusive
transport model, ∂tφ = χ∂
2
xφ. From the statistical mechanics point of view, the Fourier-
Fick’s prescription is closely related to the assumption that the underlying “microscopic”
transport process is driven by a Markovian, Gaussian process. Although this assumption
has proved to be valuable, it fails to apply in the case of anomalous transport.
Anomalous transport naturally arises in systems in which the underlying statistics is
non-Gaussian. A paradigmatic example is the problem of transport in fluids in the presence
of coherent structures, e.g., vortices and zonal flows. In this case, experimental [2] and theo-
retical studies [3] have shown that the trapping effect of vortices and the long displacements
induced by zonal flows leads to non-Gaussian Lagrangian statistics and non-diffusive trans-
port. A similar phenomenology has also been observed in studies of transport in plasma
turbulence [4]. From a statistical mechanics perspective, transport in these systems can
be studied in the framework of the continuous time random walk model that generalizes
the standard Brownian random walk by incorporating general waiting time distributions
(to describe non-Markovian, “memory” effects) and Le´vy flights (to describe anomalously
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large jumps) [5]. At the macroscopic level, it turns out that in this type of systems, Eq. (2)
is not satisfied because the flux at a given point in space depends on the gradient of the
concentration throughout the entire domain. That is, the flux-gradient relation exhibits a
nonlocal dependence of the form
q = −χ∂x
∫
K(x− x′)φ(x′) dx′ , (3)
where the kernel, K(x − x′), determines the degree of non-locality. For an application of
this type of non-local models to non-diffusive transport experiments in plasma physics see
Ref. [6]. A general, tutorial-type discussion on these models can be found in Refs. [7, 8].
The goal of the present paper is to address the problem of non-local transport in the
context of front propagation. Our study is based on different generalizations of the Fisher-
Kolmogorov model in Eq. (1) in which the standard diffusion operator, ∂2xφ, is substituted
by non-local operators of the form in Eq. (3) describing different aspect of anomalous trans-
port. Among the most remarkable features of front propagation in the presence of non-
local transport is front acceleration and the development of algebraic decaying tails. These
properties were originally discussed in Ref. [9] in the context of the non-local, fractional
Fisher-Kolmogorov model, and in the context of a master equation probabilistic model in
Ref. [10]. The role of tempered Le´vy processes in front propagation was discussed in Ref. [11],
where it was shown that the truncation of the Le´vy flights due to tempering, leads to a
transient front acceleration after which the front asymptotically reaches a terminal speed.
Other works on anomalous transport in front propagation include studies on: bistable re-
action processes and anomalous diffusion caused by Le´vy flights [12]; analytic solutions of
fractional reaction-diffusion equations [13]; reaction-diffusion systems with bistable reaction
terms and directional anomalous diffusion [14]; construction of reaction-sub-diffusion equa-
tions [15]; fractional reproduction-dispersal equations and heavy tail dispersal kernels [16];
role of fluctuations in reaction-super-diffusion dynamics [17]; non-Markovian random walks
and sub-diffusion in reaction-diffusion systems [18]; exact super-diffusive front propagation
solutions with piecewise linear reaction kinetics functions [19]; and front dynamics in two-
species competition models driven by Le´vy flights [20], among others. The recent work in
Ref. [21] discusses a mathematically rigorous justification of some of the results on nonlocal
front propagation originally presented in Refs. [9, 10].
The organization of the rest of the paper is as follows. In the next section we present
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a brief overview of the different models of anomalous transport of interest in the present
paper. In Sec. II we study front propagation in the presence of the anomalous transport
operators discussed in Sec. I. A summary of the results and the conclusions are presented
in Sec. III.
II. ANOMALOUS DIFFUSION
Our strategy to study the role of anomalous transport in front propagation is based on
modifications of the Fisher-Kolmogorov equation in which the standard second derivative
diffusion operator is changed to nonlocal operators capable of modeling different aspects of
anomalous transport. In this section, following a brief description of the main properties
of the diffusion operator, we present a brief review of the basic properties of the nonlocal
operators of interest. Further details can be found in Refs. [7, 8] and references therein.
A. Standard diffusion
The starting point to model transport of a single scalar field, φ(x, t), in a one-dimensional
domain, is the conservation law,
∂tφ = −∂xq + S , (4)
where q(x, t) is the flux, and S(x, t) is the source. Within the standard diffusion paradigm,
the flux is modeled using the Fourier-Fick’s prescription,
q = −χd∂xφ+ Vdφ , (5)
where χd is the diffusivity, and Vd the drift velocity. Substituting Eq. (5) into Eq. (4) leads
to the advection-diffusion equation,
∂tφ+ ∂x (Vdφ) = ∂x (χd∂xφ) + S . (6)
For S = 0, Vd = 0, and χd constant, Eq. (6) reduces to the diffusion equation,
∂tφ = χd∂
2
xφ . (7)
As it is well-known, the solution of the initial value problem of Eq. (7) with φ0(x) = φ(x, t =
0) and prescribed boundary conditions, is given by
φ(x, t) =
∫
φ0(x
′)G(x− x′, t)dx′ , (8)
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whereG is the Green’s function for the corresponding boundary conditions. In an unbounded
domain, (−∞,∞), G is given by
G(x, t) = (χt)−γ/2 L(η) , η =
x
(χt)γ/2
, (9)
where the scaling function, L, and the scaling exponent, γ, are
L(η) =
1
2
√
pi
e−η
2/4 , γ = 1 . (10)
From Eq. (9) it follows that the time evolution of the moments of order q scales as,
〈xq〉 ∼ tqγ/2 (11)
where 〈g〉 = ∫ g(x)G(x, t) dx. In particular, the second moment, q = 2, grows linearly with
time.
B. Fractional diffusion
In the fractional diffusion model,
∂tφ = χf [l aD
α
x + r xD
α
b ] φ , (12)
where x ∈ (a, b), and 1 < α < 2. The operators on the right hand side of Eq.(12) are the
left and right Riemann-Liouville fractional derivatives [22, 23],
aD
α
xφ =
1
Γ(m− α)
∂m
∂xm
∫ x
a
φ
(x− y)α+1−m dy , (13)
xD
α
b φ =
(−1)m
Γ(m− α)
∂m
∂xm
∫ b
x
φ
(y − x)α+1−m dy , (14)
with m− 1 ≤ α < m, and the weighting factors l and r are defined as
l = − (1− θ)
2 cos(αpi/2)
, r = − (1 + θ)
2 cos(αpi/2)
, (15)
with −1 ≤ θ ≤ 1. Equation (12) can be written in the flux-conserving form in Eq. (4) with
q = ql + qr where
ql = −lχl aDα−1x φ , qr = rχr xDα−1b φ . (16)
Using
F [−∞Dαxφ] = (−ik)α φˆ , F [xDα∞φ] = (ik)α φˆ , (17)
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where F [φ] = φˆ denotes the Fourier transform, it follows that in an unbounded domain the
solution of the initial value problem of Eq. (12), is Eq. (8) with the Green function given in
Eq. (9) with
L(η) =
1
2pi
∫ ∞
−∞
e−iηk+Λ(k) dk , γ = 2/α . (18)
The scaling function, L, is the α-stable Le´vy distribution, with characteristic exponent
Λ = χf [l(−ik)α + r(ik)α] . (19)
There are two key properties of the Green’s function of the fractional diffusion equation.
One is the algebraic decay of the tails,
G(x, t) ∼ x−(1+α) , x (χf t)1/α , (20)
which follows from the asymptotic expansion of L(η) in Eq. (18) for η = x/ (χf t)
1/α 
1. The other key property is the anomalous scaling of the moments, which, according to
Eq. (11), exhibit super-diffusive growth for α < 2. Note however that, in this case, only the
moments with q < 2 exist.
C. Tempered fractional diffusion
Although the existence of large displacements has been documented in experimental and
theoretical studies of super-diffusive transport, in applications it is clear that displacements
cannot be arbitrarily large. That is, strictly speaking, the concept of Le´vy flights (i.e.,
random displacements with infinite second moments) is a mathematical idealization. It is
thus of significant interest to construct models of anomalous transport that incorporate large
events while keeping the moments finite. From the statistical mechanics perspective, the key
issue is to temper the Le´vy flights by introducing a truncation length scale. This problem
was addressed in Ref. [24] where a new model of anomalous transport was constructed as
the macroscopic limit of a continuous time random walk model with jumps following an
exponentially tempered Le´vy process. The model, which describes the interplay of long
jumps and truncation in the intermediate asymptotic regime, has the form
∂tφ = −V ∂xφ+ χtDα,λx φ− µφ , (21)
where the λ-truncated fractional derivative operator of order α, Dα,λx , is defined as [24]
Dα,λx = le−λx −∞Dαx eλx + reλx xDα∞ e−λx . (22)
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The effective advection velocity is V = Vd for 0 < α < 1, and V = Vd − v for 1 < α < 2
where
v =
χtαθλ
α−1
|cos (αpi/2)| , µ = −
χtλ
α
cos (αpi/2)
, (23)
and Vd denotes a constant background drift velocity which is independent of the specific
diffusive transport considered. The term v results from the biasing of the tempered Le´vy
process and it vanishes in the symmetric, θ = 0, case.
Using
F [e−λx −∞Dαx eλx φ] = (λ− ik)α φˆ , F [eλx xDα∞ e−λx φ] = (λ+ ik)α φˆ (24)
it follows that the Green’s function of Eq. (21) with 1 < α < 2 is
G(x, t) =
1
2pi
∫ ∞
−∞
e−ikx+tΛdk , (25)
where the characteristic exponent, Λ, is
Λ =
−χt
2 cos(αpi/2)
[(1 + θ)(λ+ ik)α + (1− θ)(λ− ik)α]− ikv − µ . (26)
As mentioned before, the parameter, −1 < θ < 1, determines the asymmetry of the stochas-
tic process.
The interpretation of the parameter µ in Eqs. (21) and (26) deserves some discussion.
Eventhough the term “−µφ” looks like a “damping”, its role is exactly the opposite. In par-
ticular, this term (which follows from the derivation of Eq. (21) from the continuous time
random walk model [24]) is critical to guarantee the conservation of φ, that is, to guarantee
that dM/dt = 0, where M =
∫∞
−∞ φdx. Imposing this conservation law is fundamental be-
cause, in an unbounded domain, regular and anomalous transport processes must conserve
the total “mass” (or whatever physical property the integral of φ represents). To see this,
note that according to Eq. (8), M(t) = Gˆ(k = 0, t)M(0), where we have applied the convo-
lution theorem and used M = φˆ(k = 0, t). From Eq. (25) it follows that Gˆ(k = 0, t) = etΛ(0),
and thus M will be conserved if and only if Λ(0) = 0, which according to Eq. (26), is
guaranteed by the “−µ” term.
One of the key properties of the tempered fractional diffusion Eq. (21) is the finiteness
of all the moments of the Green’s function. In particular, in the case V = 0, the second
moment exhibit the diffusive scaling〈
x2
〉 ∼ χtα|α− 1|
2| cos(αpi/2)|λ2−α t , (27)
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for large t. The truncation has also nontrivial effects on the tails of the Green’s function
which exhibit the exponentially tempered decay,
G(x, t0) ∼ e
−λx
x1+α
. (28)
for x  1. Note also that because the tempering introduces the length scale, 1/λ, the
Green’s function in this case does not have the spatio-temporal self-similar structure of
Eq. (9).
D. Combined diffusion and fractional diffusion
The last model of anomalous diffusion that we consider combines the effects of regular
diffusion and fractional diffusion. This model, which is motivated by application where the
two transport mechanism are typically present, has the form
∂tφ = χd∂
2
xφ+ χf [l −∞D
α
x + r xD
α
∞] φ . (29)
In this case the Green’s function is given by Eq. (25) with
Λ = −χdk2 + χf [l(−ik)α + r(ik)α] . (30)
Note that, like in the tempered case, in the presence of regular and fractional diffusion the
Green’s function is not self-similar. As Fig. 1 shows, the effects of regular diffusion are mostly
present in the core of the Green’s function, and are negligible in the tails. This is consistent
with the probabilistic interpretation since regular diffusion leads to short displacements
that dominate the core of the distribution. As time advances, the Gaussian core expands.
However, for large enough x, the algebraic tails persist and transport is dominated by
fractional diffusion. In particular, the scaling in time of the decay of the Green’s function
transitions from a Gaussian scaling at short times to an asymptotic super-diffusive scaling
at long times
G(0, t) ∼

(χdt)
−1/2 for t ∼ 0
(χf t)
−1/α for t 1 .
(31)
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6.3 Fractional Diffusion 181
Figure 6.4 Log–normal plot of decaying pulse under the influence
of standard and fractional diffusion. The dotted curve corresponds to
standard diffusion with χd = 10, and the dashed curve corresponds to
fractional diffusion with α = 1.5, θ = 0, and χ f = 1. The solid curve is
the profile when both the transport mechanisms are present.
6.3.4
Fractional Diffusion Equation for Truncated Lévy Processes
In the discussion of the fluid limit of the CTRW, it was shown that in the
Markovian–Gaussian case, Eq. (6.12), which neglects memory effects in the
waiting time and assumes a jump PDF with finite moments, the master equa-
tion leads to the diffusion equation. On the other hand, when memory and
long jumps are included through algebraic decaying PDFs of the form in
Eq. (6.17), the fluid limit leads to the fractional diffusion equation. It is tempt-
ing to conclude that these two cases encompass all the fundamentally different
fluid limits of separable CTRWs. After all, in the absence of memory, the gen-
eralized central limit theorem implies that the sum of individual particle dis-
placements converges asymptotically to either a Gaussian (described by the
diffusion equation) if η(x) has a finite second moment, or to a Lévy α-stable
distribution (described by the fractional equation) if η(x) has a divergent sec-
ond moment. However, it is important to keep in mind that although the dy-
namics asymptotically converges either to a Gaussian or to a Lévy stable dis-
tribution, the convergence rate could be very slow. An example is provided by
the truncate Lévy processes introduced in Refs. [26, 27] as a way to eliminate
the arbitrary large flights produced by Lévy α-stable distributions. Since trun-
cated Lévy distributions have finite second moments, Gaussian convergence
is expected. However, as observed in Refs. [26–28] and several subsequent
FIG. 1: Interplay of regular and fractional diffusion. The dotted curve corresponds to the solution
of the standard diffusion Eq. (7) with χd = 10, and the dashed curve corresponds to the solution
of the symmetric, l = r, fractional diffusion Eq. (12) with α = 1.5, θ = 0, and χf = 1. The solid
curve shows the solution of Eq. (29) which includes both, fractional and regular diffusion.
III. FRONT PROPAGATION
In this section we study the modified Fisher-Kolmogorov equation in which the standard
diffusion operator is substituted by the anomalous transport operators described above.
Following a brief review of basic results on the standard Fisher-Kolmogorov equation, we
study the role of fractional diffusion, tempered fractional diffusion, and combined fractional
and regular diffusion in the propagation of fronts. Of particular interest is the study of the
front velocity and the decay of the front’s tail.
A. Standard diffusive case
For regular diffusion the model reduces to the standard Fisher-Kolmogorov equation in
Eq. (1) As it is well-known, in this case the reaction kinetics has two fixed points, the stable
state, φ = 1, and the unstable state, φ = 0. For initial conditions of the form
φ(x, t = 0) = e−νx , (32)
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FIG. 2: Front propagation in the standard Fisher-Kolmogorov model in Eq. (1) with χd = 5×10−6
and γ = 1. Panel (a) shows the front profiles, φ(x, t), in log-linear scale as functions of x for different
t. The black curve denotes the initial condition according to Eq. (32) with ν = 100, and the blue
curves show the profiles at t = 4, 8, 12, 16, 20. The red dashed line shows the expected asymptotic
decay according to Eq. (33). Panel (b) shows the isocontours φ(x, t) = φ0 for φ0 = 10
−n with
n = 7, 6, 5, 4, 3, 2, 1 (dark blue) and φ0 = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 (light blue to red).
The dashed red line shows the Lagrangian front speed in Eq. (36).
for x ≥ 0, and φ(x, t = 0) = 1 for x < 1, the leading edge analysis implies that the tail of
the front exhibits the asymptotic exponential decay
φ ∼ e−ν(x−ct) , (33)
where the front speed, c, depends on the front’s decay, ν, according to
c =
γ
ν
+ νχd , (34)
with the minimum front velocity,
cm = 2
√
γχd , (35)
corresponding to ν =
√
γ/χd, see for example, [1] and references therein. Figure 2 shows
the result of a numerical integration of Eq. (1) with initial condition in Eq. (32). We
used an operator splitting algorithm with an explicit Euler step for the time advance of
the reaction kinetics and a Crank-Nicholson semi-implicit time step for the diffusion. The
diffusion operator was discretized using a centered finite-difference method. As Fig. 2-(a)
shows, in this case the front moves rigidly with an exponential decaying tail. The constant
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FIG. 3: Front acceleration in the fractional Fisher-Kolmogorov model in Eq. (37) with α = 1.5,
χf = 5 × 10−7 and γ = 1. Panel (a) shows the front profiles φ(x, t) in log-log scale as functions
of x for different t. The black curve denotes the initial condition, and the blue curves show the
profiles at t = 1.05, 2.10, 3.15, 4.20, 5.25, 6.30. The red dashed line shows the expected asymptotic
decay according to Eq. (38). Panel (b) shows the isocontours φ(x, t) = φ0 for φ0 = 10
−n with
n = 7, 6, 5, 4, 3, 2, 1 (dark blue) and φ0 = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 (light blue to red).
The dashed red line shows the asymptotic Lagrangian front path according to Eq. (40).
propagation velocity of the front is evident in Fig. 2-(b) that shows the spatio-temporal
evolution of isocontours of φ, along with the Lagrangian front trajectory
xL(t) = xL0 + c(t− t0) , (36)
where c is the front speed in Eq. (34) and t0 is a constant.
B. Fractional diffusive case
To study the effect of fractional diffusion in the propagation of fronts we consider the left
factional Fisher-Kolmogorov equation
∂tφ = χf −∞Dαxφ+ γφ (1− φ) , (37)
where −∞Dαx is the left Riemann-Liouville fractional derivative in Eq. (13). This model was
originally introduce in Ref. [9] to study the interplay of the reaction kinetics with anomalous
diffusion processes that exhibit Le´vy flights in one direction, say, for x > 0, but Gaussian
behavior in the other direction, x < 0.
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The leading edge analysis of Eq. (37) reveals two unique features of front propagation in
the presence of fractional diffusion: (i) front acceleration and (ii) algebraic decaying of the
front’s tail [9]. In particular, for a large, fixed t, in the limit x (χf t)
−1/α →∞,
φ ∼ 1
α
x−α +
1
ν
x−1−α + . . . . (38)
On the other hand, the time-asymptotic dynamics for fixed, large x gives to leading order
φ ∼ eγt with correction of the order (χf t)−1/α eγt. These results imply the spatio-temporal
asymptotic scaling
φ ∼ x−αeγt . (39)
For φL ∈ (0, 1), the solution of the equation φ(x, t) = φL, gives the Lagrangian trajectory,
xL(t) = x(t;φL), of the coordinate, xL, of a point in the front with concentration φL. In the
case when φ satisfies the scaling in Eq. (39),
xL(t) = xL0e
γ(t−t0)/α , (40)
where φL = φ(xL0, t0). Equation (40) implies an exponential Lagrangian acceleration of the
front, aL(t) ∼ eγt/α.
For the numerical integration of Eq. (37) in the finite-size domain x ∈ (0, 1), the un-
bounded fractional derivative, −∞Dαx , needs to be truncated. However, care must be
taken doing this because the left Riemann-Liouville derivative, aD
α
xφ, with a finite is in
general singular at the lower boundary x = a. To circumvent this problem, following
Ref. [9], we use the regularized (in the Caputo sense) fractional derivative of the form
C
aD
α
xφ =a D
α
x [φ(x)− φ(a)− φ′(a)(x− a)], which in this case reduces to 0Dαx [φ(x)− 1] due
to the boundary conditions at x = 0. For a detailed discussion of the regularization of
general fractional diffusion models in finite-size domains, see Ref. [25]. Like in the stan-
dard Fisher-Kolmogorov model, for the numerical integration of Eq. (37) we use an operator
splitting algorithm with an explicit Euler step for the time advance of the reaction kinet-
ics and a Crank-Nicholson semi-implicit time step for the fractional diffusion. However, in
the fractional case, we use a flux-conserving scheme with an upwind Grunwald-Letnikov
finite-difference discretization of the regularized fractional derivative. Further details of the
numerical method can be found in Ref. [25]. Figure 3 shows the results of the numerical
integration of the fractional Fisher-Kolmogorov model in Eq. (37) for an initial condition
of the form φ(x, t = 0) = [1− tanh ((x− x0)/W )] /2 with x0 = 0.003, W = 0.001. In
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FIG. 4: Front propagation in the tempered fractional Fisher-Kolmogorov model in Eq. (41) with
α = 1.5, λ = 50, χτ = 5 × 10−7 and γ = 1. Panel (a) shows the front profiles φ(x, t) in log-log
scale as functions of x for different t. The black curve denotes the initial condition in Eq. (32) with
ν = 200, and the blue curves show the profiles at t = 1.4, 2.8, 4.2, 5.6, 7, 8.4, 9.8, 11.2, 12.6, 14.
The red dashed line shows the expected asymptotic decay according to Eq. (43). Panel (b) shows
the isocontours φ(x, t) = φ0 for φ0 = 10
−n with n = 7, 6, 5, 4, 3, 2, 1 (dark blue) and φ0 =
0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 (light blue to red). The dashed blue line shows the transient
Lagrangian front path x = x0 + ct where c is the diffusive front speed in Eq. (34) and x0 a
constant. The dashed red line shows the asymptotic Lagrangian front path x = x∗ + v∗t where v∗
is the terminal velocity in Eq. (46) and x∗ a constant.
agreement with the leading edge asymptotic result in Eq. (38), it is observed that the front
develops and algebraic decaying tail. Clear evidence of the acceleration of the front is shown
in the spatio-temporal evolution of the front’s isocontours φ(x, t) = φ0 shown in panel (b).
C. Tempered fractional diffusive case
To study the role of truncation in the super-diffusive acceleration of fronts due to
Le´vy flights, we consider the fractional Fisher-Kolmogorov Eq. (37) and substitute the
left Riemann-Liouville fractional derivatives by the left truncated fractional derivative in
Eq. (22),
∂tφ = χτ
[
e−λx −∞Dαx
(
eλxφ
)− λαφ]+ γφ (1− φ) , (41)
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FIG. 5: Lagrangian front velocity as function of time in the tempered fractional Fisher-Kolmogorov
model in Eq. (41) with α = 1.5, λ = 50, χτ = 5× 10−7 and γ = 1. The solid black line denotes the
numerical result. The horizontal blue (red) dashed line at the bottom (top) denotes c in Eq. (34)
(v∗ in Eq. (46)). The green dashed line denotes the transient exponential front velocity according to
Eq. (40).The magenta dashed line denotes the intermediate asymptotic front velocity in Eq. (45).
where χτ = χt/ |cosαpi/2|. Note that, to simplify the analysis, we have assumed that there
is no drift velocity, i.e., V = 0. According to the discussion following Eq. (22), for the
1 < α < 2 case of interest here, this assumption implies that V = VD − v = 0. That is, it
is assumed that there is a background drift, VD, that cancels the drift, v, resulting from the
bias of the stochastic process.
There are two characteristic time scales in this problem. One is the crossover time scale,
χτ tc = λ
−α, and the other is the reaction time scale,
tr = 1/γ . (42)
Note also that due to the term χτλ
α, the tempering of the fractional Fisher-Kolmogorov
equation introduces an “effective” reaction rate, γeff = γ−χτλα. Here we limit attention to
the case γeff > 0, i.e. we assume that the cross-over time scale is longer than the reaction
time scale, tc > tr.
Figure 4 shows the results of the numerical integration of the the tempered fractional
Fisher-Kolmogorov model in Eq. (41) with α = 1.5, λ = 50, χτ = 5 × 10−7 and γ = 1, for
the initial condition in Eq. (32) with ν = 200 for x > 0, and φ0 = 0 for x < 0. Because of the
tempering, the front does not exhibit the algebraic decaying tail observed in the fractional-
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diffusion case. However, it does not decay exponentially like in the standard diffusive case
either. In fact, if ν > λ > 0, i.e., when the initial condition decays faster than the truncation,
the leading edge analysis of Eq. (41) leads to the asymptotic scaling [11]
φ ∼
[
χτ t
ν − λ
]
e−λx
x1+α
e(γ−χτλ
α)t , (43)
for x  (χτ t)1/α. In particular, for fixed t, as shown in Fig. 4-(a), the spatial decay of
the front’s tail exhibits the tempered decay in Eq. (28). Figure 4-(b) shows the typical
three stages in the dynamics of tempered fronts: (i) transient constant velocity propagation;
(ii) front acceleration in the intermediate asymptotic regime; (iii) asymptotic approach to
terminal constant propagation velocity. In the specific case shown here, for φ = 10−4, the
transient period spans 0 < t . 6, and during that time the front propagates at the diffusive
speed in Eq. (34). During 6 . t . 30 the front exhibits an acceleration phase that eventually
leads to a state with a constant terminal propagation velocity as t→∞ [11].
As in the case of the fractional fronts, we define the Lagrangian trajectory of the front
as the function xL = xL(t) such that φ(xL, t) = φL where φL is a constant. From Eq. (43)
it then follows that, for x > 1/λ,
− λxL(t) + (γ − χτλα) t+ ln t− (α + 1) lnxL(t) = M , (44)
where M is a constant that depends on φL. Taking the time derivative of Eq. (44) gives the
Lagrangian speed of the front,
vL(t) =
dxL
dt
=
γ − χτλα + 1t
λ+ α+1
xL(t)
, (45)
which in the limit t→∞, gives the terminal front velocity, vL(t)→ v∗,
v∗ =
γ − λαχτ
λ
. (46)
The asymptotic approach to the terminal velocity is clearly observed in Figure 4-(b), and in
Fig. 5 that shows the detailed temporal evolution of the Lagrangian velocity. It is interesting
to observe that the decay of the Lagrangian front acceleration, aL = dvL(t)/dt,
aL(t) =
vL(t)
t (λtv∗ + 1)
{
(α + 1)
[
vL(t)
xL(t)/t
]2
− 1
}
, (47)
exhibits to leading order the algebraic scaling,
aL(t) ∼ α
λt2
, (48)
at t→∞.
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D. Fractional fronts with diffusion case
As mentioned before, in most applications it is natural to expect that anomalous diffusion
processes will act in conjunction with standard diffusion. It is thus of significant interest to
study the interplay of fractional dynamics and standard diffusion. To explore this problem
in the context of reaction-diffusion fronts, we consider
∂tφ = χd∂
2
xφ+ χf −∞D
α
xφ+ γφ (1− φ) . (49)
Figure 6 summarize the results of the numerical integration of Eq. (49) with α, γ, and χd
fixed, and different values of the fractional diffusivity, χf . The plots on the left column show
that the spatial dependence of the profiles of the fronts exhibit a transition from exponential
decay (characteristic of diffusive fronts) to algebraic decay (characteristic of fractional fronts)
with the crossover distance inversely proportional to χf . On the other hand, the spatio-
temporal plots on the right column of Fig. 6 indicate that standard diffusion leads to a time
delay in the onset of the front acceleration. In particular, the smaller the ratio, χf/χd, the
longer the transient phase during which the front propagates at a constant speed and the
longer it takes for the front acceleration to kick in.
To quantify these ideas, we define the crossover spatio-temporal scale (xc, τc) as the
intersection of the Lagrangian diffusive front path in Eq. (36), with the Lagrangian fractional
diffusion front path in Eq. (40). These intersection points are shown in the contour plots
in Fig. 6. Figure 7-(a) shows τc as function of χf in semi-logarithmic scale for α = 1.5,
χd = 5 × 10−6, and γ = 1. The dots (crosses) correspond to a wide (narrow) front initial
condition of the form in Eq. (32) with ν = 100 (ν = 1000). It is observed that in both cases
the crossover time can be fitted by a straight line which in the semi-logarithmic scale implies
a scaling of the form
τc ∼ log
(
χ−1f
)
, (50)
for α, χd, and γ fixed. Figure 7-(b) shows xc as function of χf . As before, the results for
ν = 100 and ν = 1000 can be fitted with straight lines indicating a dependence of the form
xc ∼ v log
(
χ−1f
)
. (51)
However in this case the proportionality constant is different. For ν = 100 (dots), v is the
diffusive speed of wide fronts in Eq. (34), and for ν = 1000 (crosses), v is the diffusive
minimum speed of narrow fronts in Eq. (35).
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Using the scaling relation
−∞Dαxf (ζz) = ζ
α −∞Dαζxf (ζz) , (52)
where ζ is a constant, Eq. (49) can be written in dimensionless form as
∂τφ = ∂
2
zφ+ κ −∞D
α
xφ+ φ (1− φ) , (53)
where
τ = γt , z =
√
γ
χd
x , κ =
χf
γ
(
γ
χd
)α/2
. (54)
In terms of dimensionless variables, the scaling in Eq. (50) implies τ ∼ log κ−1, that is
τc ∼ 1
γ
log
[
γ
χf
(
χd
γ
)α/2]
(55)
A complementary way to quantify the dependence of the front dynamics on the ratio
χf/χd is by considering the time evolution of the cumulative concentration,
M(t;x0) =
∫ x0
0
φ(x, t) dx . (56)
Figure 8 shows M(t;x0) and dM(t;x0)/dt for the narrow (ν = 1000) front case in Fig. 7.
When only diffusive transport is present, i.e. when χf = 0, narrow fronts propagate at
the constant minimum speed cm in Eq. (35), and thus M(t;x0) ∼ cmt. Figure. 8 shows
that this scaling describes the transient phase of the evolution of M(t;x0). Consistent with
the previous results, the time span of this transient phase increases with decreasing χf/χd.
Figure 8-(b) shows dM(t;x0)/dt, and it is observed that as χf/χd decreases this function
reaches its maximum at longer times, which is another manifestation of the delay of front
acceleration induced by diffusive transport mentioned before.
IV. SUMMARY AND CONCLUSIONS
We have presented a study of the role of anomalous transport in front propagation in
reaction-diffusion systems. Going beyond standard diffusion, we considered three models of
anomalous transport: a fractional diffusion model, a tempered fractional diffusion model,
and a combined standard and fractional diffusion model. The fractional diffusion model
was based on the use of fractional derivatives which are non-local operators with algebraic
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FIG. 6: Front propagation in the fractional Fisher-Kolmogorov model in the presence of diffusion
according to Eq. (49) with α = 1.5, χd = 5 × 10−6 and γ = 1. Cases (a), (b) and (c) correspond
to χf = 5 × 10−9, χf = 5 × 10−7, and χf = 5 × 10−5 respectively. The left column shows the
front profiles φ(x, t) in log-lin scale as functions of x for different t. The black curve denotes
the initial condition in Eq. (32) with ν = 100, and the blue curves show the profiles at t =
2, 4, 6, 8, 10. The red dashed straight line shows the short time decay according to Eq. (33). The
red dashed curve shows the asymptotic fractional decay according to Eq. (38). The right column
shows the isocontours φ(x, t) = φ0 for φ0 = 10
−n with n = 7, 6, 5, 4, 3, 2, 1 (dark blue) and
φ0 = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 (light blue to red). The intersection of the Lagrangian
diffusive front path in Eq. (36) (red dashed line) with the Lagrangian fractional diffusion front
path in Eq. (40) (blue dashed line) gives the spatio-temporal cross-over scale (xc, tc).
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FIG. 7: Crossover time for transition to front acceleration in the fractional Fisher-Kolmogorov
model in the presence of diffusion according to Eq. (49) with α = 1.5, χd = 5×10−6 and γ = 1, with
initial condition in Eq. (32). The dots (crosses) denote the numerical values with initial condition
in Eq. (32) with ν = 100 (ν = 1000). Panel (a) shows τc as function of the fractional diffusivity
χf , and the dashed lines the logarithmic fit in Eq. (50). Panel (b) shows τc as function of xc, with
the blue (red) dashed line corresponding to the linear fit, xc = vτc, with v = cm (v = c) in Eq. (35)
(Eq. (34)).
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FIG. 8: Time evolution of total concentration, M(t;x0) in Eq. (56), and rate of change of total
concentration, dM/dt, for x0 = 0.5 in the fractional Fisher-Kolmogorov model in the presence of
diffusion according to Eq. (49) with α = 1.5, χd = 5× 10−6 and γ = 1. The different curves from
left to right correspond to χf = 5×10−4, 5×10−5, 5×10−6, 5×10−7, 5×10−8, and 5×10−9. The
black dashed lines (a) and (b) show M = cmt, and dM/dt = cm respectively with cm in Eq. (34).
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decaying kernels. From the statistical mechanics perspective, fractional diffusion arises from
the fluid limit of continuous time random walk models with Le´vy flights. The characteristic
signature in this case is the appearance of algebraic decaying tails in the propagator (Green’s
function) which correspond to α-stable Le´vy distributions. The main motivation behind the
second anomalous transport model based on tempered fractional diffusion, is the fact that
Le´vy flights, i.e. random displacements with infinite second moments are a mathematical
idealization. Systems of practical interest typically exhibit a cut-off scale beyond which Le´vy
flight cannot extend. In this case, the second moment exhibits a super-diffusive scaling in an
intermediate asymptotic regime, followed by a diffusive scaling in the asymptotic limit. In
this case the propagator which correspond to tempered Le´vy distribution exhibits algebraic
decay in an intermediate range but the asymptotic decay of the tail is exponential. The study
of the third transport model based on a combination of fractional and regular diffusion is
also motivated by practical considerations. In particular, it is natural to expect that in
addition to fractional diffusion some irreducible remnant of regular diffusion to be present
on transport. The Green’s function for the combined operator exhibits a Gaussian-type
dependence near the origin followed by an α-stable Le´vy-type dependence at large distances.
For the reaction kinetics we consider the Fisher-Kolmogorov nonlinearity that has one
stable and one unstable steady state. In the case of normal transport, the interaction of the
reaction kinetics with diffusion leads to the propagation of fronts in which the stable phase
invades the unstable phase. The two key aspect of the dynamics in this case is the constant
speed of the propagation and the exponential decay of the front’s tail. Our main goal was to
present a numerical study of how this standard well-understood front dynamics is modified
in the presence of anomalous transport. The numerical method was based on an operator
splitting algorithm with an explicit Euler step for the time advance of the reaction kinetics
and a Crank-Nicholson semi-implicit time step for the transport operator. In the case of
regular diffusion, the transport operator was discretize using a centered finite-difference
method. In the cases of fractional diffusion and fractional tempered diffusion we use a flux-
conserving scheme with an upwind Grunwald-Letnikov finite-difference discretization of the
regularized fractional derivative.
The main differences found in the transport scenarios considered, concern the propagation
speed of the fronts, and the spatial decay of the tails of the fronts. As it is well-known,
in the case of regular diffusion, fronts propagate at a constant speed and the tails decay
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exponentially fast. However, in the presence of fractional diffusion of order α, fronts exhibit
an exponential Lagrangian acceleration, aL(t) ∼ eγt/α, and develop algebraic decaying tails,
φ ∼ 1/xα. In the case of tempered fractional diffusion, this phenomenology prevails in
the intermediate asymptotic regime (χτ t)
1/α  x  1/λ, where 1/λ is the scale of the
exponential tempering. Outside this regime, i.e. for x > 1/λ, the tail of the front exhibits
the tempted decay φ ∼ e−λx/xα+1, the acceleration is transient and the Lagrangian front
velocity approach the terminal speed vL → v∗ = (γ − λαχ) /λ. When fractional and regular
diffusion are both present, the fronts also accelerate. However, the onset of the acceleration is
retarded by the regular diffusion. In particular, the numerical results show that the crossover
time time, tc, to transition to the accelerated fractional regime exhibits a logarithmic scaling
of the form tc ∼ log (χd/χf ). Regular diffusion also modifies the algebraic spatial decay of
the tails observed in the presence of pure fractional diffusion. In particular, the crossover
scale, xc, to transition to the algebraic decay of the front’s tail is given by xc = vtc where
v is the diffusive front speed. The diffusive delay was also quantified using the cumulative
concentration function, M , and its rate of change, dM/dt. It was observed that as χf/χd
decreases, dM/dt, reaches its maximum at longer times.
V. ACKNOWLEDGMENTS
This work was sponsored by the Office of Fusion Energy Sciences of the US Depart-
ment of Energy at Oak Ridge National Laboratory, managed by UT-Battelle, LLC, for the
U.S.Department of Energy under contract DE-AC05-00OR22725.
[1] J. D. Murray, Mathematical Biology (Springer Verlag, New York, 1989).
[2] Solomon T. H. , E. R. Weeks, and H. L. Swinney, Observation of anomalous diffusion and
Le´vy flights in a two-dimensional rotating flow. Phys.Rev. Lett. 71, 3975, (1993).
[3] D. del-Castillo-Negrete, Asymmetric transport and non-Gaussian statistics of passive scalars
in vortices in shear. Phys. Fluids, 10, (3), 576-594, (1998).
[4] D. del-Castillo-Negrete, B.A. Carreras, and V. Lynch, Non-diffusive transport in plasma tur-
bulence: a fractional diffusion approach. Phys. Rev. Lett. 94, 065003 (2005).
21
[5] Metzler, R. and Klafter, J., The random walk’s guide to anomalous diffusion: a fractional
dynamics approach. Phys. Rep., 339, 1-77, (2000).
[6] D. del-Castillo-Negrete, P. Mantica, V. Naulin, J. Rasmussen, Fractional diffusion models
of non-local perturbative transport: numerical results and applications to JET experiments.
Nuclear Fusion 48, 75009 (2008).
[7] D. del-Castillo-Negrete, “Nondiffusive transport modeling: statistical basis and applications.”
In, Turbulent Transport in Fusion Plasma.s First ITER International Summer School. S.
Benkadda, editor. (AIP Conference Proceedings 1013, Melville, New York, 2008).
[8] D. del-Castillo-Negrete, “Anomalous transport in the presence of truncated Le´vy flights.” In,
FractionalDynamics: Recent Advances. J. Klafter, S. C Lim and R. Metzler editors (World
Scientific, Singapore, 2011).
[9] D. del-Castillo-Negrete, B. A. Carreras, and V. E. Lynch, Front dynamics in reaction-diffusion
systems with Le´vy flights: A fractional diffusion approach. Phys. Rev. Lett., 91, 018302 (2003).
[10] R. Mancinelli, D. Vergni, and A. Vulpiani, Superfast front propagation in reactive systems with
non-Gaussian diffusion. Europhys. Lett., 60, 532-538, (2002).
[11] D. del-Castillo-Negrete, Truncation effects in superdiffusive front propagation with Le´vy flights.
Phys. Rev. E., 79, 031120 (2009).
[12] D. H. Zanette, Wave fronts in bistable reactions with anomalous Le´vy-flight diffusion. Phys.
Rev. E, 55, 1181, (1997).
[13] R. K., Saxena, A. M. Mathai, H. J. Haubold, Fractional reaction-diffusion equations. Astro-
physics and Space Science, 305, 3, 289-296 (2006).
[14] D. Hernandez, R. Barrio, C. Varea, Wave-front dynamics in systems with directional anoma-
lous diffusion. Phys. Rev. E, 74,4, 046116 (2006).
[15] I. M. Sokolov, M. G. W., Sagues F, Reaction-subdiffusion equations. Phys. Rev. E, 73, 3,
031102 (2006).
[16] B. Baeumer, M Kovacs, M. Meerschaert, Fractional reproduction-dispersal equations and heavy
tail dispersal kernels. Bulletin of Mathematical Biology, 69: 2281-2297 (2007).
[17] D. Brockmann and L. Hufnagel, Front Propagation in Reaction-Superdiffusion Dynamics:
Taming Le´vy Flights with Fluctuations. Phys. Rev. Lett. 98, 178301 (2007).
[18] S. Fedotov, Non-Markovian random walks and nonlinear reactions: Subdiffusion and propa-
gating fronts. Phys. Rev. E 81, 011117 (2010).
22
[19] . V. A. Volpert, Y. Nec, A. A. Nepomnyashchy, Exact solutions in front propagation problems
with superdiffusion. Physica D, 239, 3-4, 134-144 (2010);
[20] E. Hanert, Front dynamics in a two-species competition model driven by Le´vy flights. Journal
of Theoretical Biology 300, 134-142 (2012).
[21] Xavier Cabre´, and Jean-Michel Roquejoffre, Front propagation in Fisher-KPP equations with
fractional diffusion. Commun. Math. Phys. 320, 679-722 (2013).
[22] I. Podlubny, Fractional Differential Equations (Academic Press, San Diego, 1999).
[23] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives, (Gordon
and Breach Science Publishers, Amsterdam, 1993).
[24] A. Cartea, and D. del-Castillo-Negrete, Fluid limit of the continuous-time random walk with
general Le´vy jump distribution functions. Phys. Rev. E, 76, 041105 (2007).
[25] D. del-Castillo-Negrete, Fractional diffusion models of nonlocal transport. Phys. Plasmas 13,
082308 (2006).
23
